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ABSTRACT 

The basic mathematical framework for super Hilbert spaces over a GraBmann algebra with a GraB- 
mann number-valued inner product is formulated. Super Hilbert spaces over infinitely generated 
GraBmann algebras arise in the functional Schrodinger representation of spinor quantum field theory 
in a natural way. 
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1 Introduction 

The purpose of this article is to define and study the notion of super Hilbert space in a mathematically 
proper way and to establish generalizations of some basic results of the theory of Hilbert spaces for 
super Hilbert spaces. According to our definition a super Hilbert space is a module over a GraBmann 
algebra endowed with a GraBmann number-valued inner product. 

The notion of super Hilbert space has first been considered by DeWitt [jl]] . Our definition, though 
being more general than DeWitt's definition (see Sections 4 and 7 below), is motivated by DeWitt's 
work. We shall see that DeWitt's definition is not general enough for certain physical applications and 
in particular we shall see that his notion of physical observable on a super Hilbert space is in general 
not well-defined. Within the framework developed in this paper we shall arrive at a more transparent 
notion of physical observable for super Hilbert spaces. 

In standard complex quantum theory the physical transition amplitudes are given by the complex- 
valued inner product on the underlying complex Hilbert space. For quantum field theories with 
fermionic degrees of freedom or supersymmetric quantum theories super Hilbert spaces GraBmann 
number- valued inner products may be introduced as long as a prescription to compute physical prob- 
abilities and transition amplitudes is given alongside. 

In the functional Schrodinger representation of spinor quantum field theory super Hilbert spaces 
with GraBmann number-valued inner products arise naturally, see [0] and below. Therefore super 
Hilbert spaces provide a means to bring quantum (field) theories with fermionic degrees of freedom 
and supersymmetric quantum (field) theories into a form resembling standard quantum mechanics 
which is of potential interest in several branches of quantum field theory and may shed new light on 
some technical and conceptual issues in quantum field theory. It is the aim of the present investigation 
to develop and study this notion more thoroughly. 

This paper is organized as follows: in Section 2 we review some facts about GraBmann algebras; in 
Section 3 we define and discuss the notion of a Hilbert module over a GraBmann algebra; in Section 
4 we define super Hilbert spaces and in Section 5 we study physical observables on super Hilbert 
spaces. In Section 6 we review the Schrodinger representation of spinor quantum field theory as a 
simple example for a situation where a super Hilbert space arises naturally as the state space in a 
quantum field theory. In Section 7 we briefly review definitions of the notion of super Hilbert space 
previously given by other authors and discuss the relation of these definitions with our approach. 

2 GraBmann algebras 

The GraBmann algebra (or exterior algebra) A„ with n generators is the algebra (over C) generated by 
a set of n anticommuting generators {^/}":^i and by 1 G C 

^i^j = -^Ai^ foraU/,j. 

The GraBmann algebra generated by a countably infinite set of generators will be denoted by A^. In 
the sequel we shall write A„ where n G N U {o°} is possibly infinite unless indicated otherwise. Let 
M„ := {(mi,- ■■ ,myt) \l < k < n,mi eN,1 <mi < ■ ■■ < m^ < n}. A special basis of A„ is given by 
the set of elements of the form ^^j^mj ■ ■ -^m^, with (mi, ■ ■ ■ ^nik) G M„, together with the unit 1 G C 
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GraBmann algebras are more fully discussed in, e.g., [^ [T^]- We define an involution * on A,,, i.e., a 
map * : A„ ^ A„ satisfying (q*)* = q, (qp)* = p*q* and (aq)* = a*q* for q,p G A„, a G C by setting 
1* := 1 , ^* := ^/ for all / and by extending * to all of A„ by linearity. 

The GraBmann algebra carries a natural Z2-grading: A„ = A„o © A„ i, where A„o consists of the 
even (commuting) elements in A„ and A„.i consists of the odd (anticommuting) elements of A„, i.e., 
for ar G A,,^^ and a., G An,s we have UrUs = (— l)"'a^5a^ G An.r+s{mod2)- We also write deg(a^) = r if 
ar G An^r and call deg(a^) the degree of a^. Every element q E An can be uniquely decomposed as 

<? = <?sl +^5 = <?sl + 2I Gmu--,mi,^mi---^mk, (1) 

{mi,---,mic)eM„ 

where qB,qmi,--.mk ^ C- The complex number qg is called the body of q and the GraBmann number 
^5 is called the soul of q. Notice that the body operation is linear and respects the algebra structure, 
i.e., {q + p)B = qB + PB and {pq)B = PbQb for all q,pe A„. 
The GraBmann algebra can also be written as a direct sum 

A„ = ©^^qV^, 

where V^ is the complex vector space spanned by the elements of the form ^^j ■ ■ ■ ^,„,., r fixed. There- 
fore any q G A„ can be uniquely decomposed as q = L"=o'?'- ^i^h q,- G V^. Any choice of a basis of 
Vi may serve as a possible choice of (possibly complex) generators of A„. 

For n finite there is an isomorphism • : A„ ^ A„ known as the Hodge star operator. Consider the 
ordered sequence {^i, • ■ ■ ,^„} of all generators of A„, then • is defined on the element ^/j^j-j ■ --^i^ 

^y A^iAii- ■ -^id] ■=^jAji---^Jn-cv where (ji, ■ ■ • , Jn-d) is chosen such that [ii,- ■ ■ ,idJi,- ■ ■ Jn-d) 
is an even permutation of (1, ■ ■ ■ ,r). We extend • to all of A„ by conjugate linearity, i.e., we require 
that •[a^] := a* * [q] for a G C and q G A„ and that • is a real linear transformation. It is well-known 
that the Hodge star operator is independent of the basis used to define it. 

Now expand every ^ G A„ with respect to the basis of A„ as in Equation |T]. Then we can define for 
each 1 < K < oo 

/ y/K 

Moreover, we define \q\oo := s^P(mi.-,mi,)eM„ \Qini,-jnk\- If n is finite, it is straightforward to verify 
that each | • |k defines a norm on A„ and that A„ becomes a complex Banach space with each of the 
norms | • |k, 1 < k < oq, which we denote by A„(k) respectively. In the case of Aoo, | ■ |k defines a 
seminorm on A^o and we denote the set of all q G Ac„ for which the above expression for |^|k satisfies 
I^Ik < o° by Acx,(k). Again it is easy to see that Aoo(k) with the norm | ■ |k is a Banach space for all 
1 < K < oo. The norm | • |i is sometimes also called the Rogers norm and A„(l) the Rogers algebra. 



see [jig]. 

The norms | ■ |k in (0) depend implicitly on the choice of the set of generators of the GraBmann 
algebra and are not invariant under a change of the set of generators of A„ . GraBmann number- valued 
variables appearing in physical theories are by their very nature not directly observable and therefore 
in general there may be no physically preferred choice for the set of generators of a GraBmann algebra. 



However, for n finite, it is well-known that not only all the norms in (||) are equivalent and therefore 
generate the same topology on A„ for all 1 < K < 0° but the resulting topology is in fact independent 
of the choice of generators of the GraBmann algebra (this is an immediate consequence of Proposition 
1.2.16 in [^). It is evident that the Hodge star operator is continuous in this topology. 

There is a norm, invariant under change of generators, on A„ which can be constructed as follows. 
Firstly, it is known that there is a norm || ■ ||,- on V^ given by, P, p^, 

||^J^ = inf< Y, \<lmi,-,mr\}, (3) 

{{mi,---,mr)eMn J 

for qr E \/r where the infimum is taken over all possible choices of the set of generators of the GraB- 
mann algebra. The norm || ■ ||^ satisfies ||^rA?l|r+.s < ||<?r||r||A||i-5 for ^U 1r E V,- and ps E V^, see 
[^ [l^] • Now define a seminorm on A„ by 

n 

lklh= 1^ IkJr. (4) 

For n finite it is obvious that || ■ || is a norm on A„. This norm || ■ || is called the mass (norm) on A„ (n 
finite). By construction the mass norm is independent of the choice of the set of generators of A„. 

If n = 00, then every finite subset {^i^ , ■ ■ " ^(„, } ^ { 1 } of the set of all generators {^i}i of A^o gen- 
erates an m-dimensional GraBmann subalgebra of A^o denoted by A,, ... ,,jj. The collection of all such 
GraBmann subalgebras of Aoo forms a directed set and the canonical imbedding morphisms obviously 
preserve the mass norm. We consider the algebraic direct limit Aoo of this directed set. The mass 
norm on the finite dimensional GraBmann subalgebras induces a mass norm \\ ■ \\ on Aoo. We denote 
the completion of Aoo with respect to the mass norm by AJ^. Obviously, A!^ consists of all q E Aoo with 
Ikll = Lr=o Ik'-ll'- < °°- Th^ norm on AJ^ is again called the mass norm. 

It is easy to see that the mass norm is submultiplicative ||;?^|| = Lr II {p4)r\\r^ LrLyt<r \\Pr-kqk\\r^ 

Lr'Lk-Cr WPr-kWr-khkWk < IrLyt l|jCr|| r Ik/tlU = ||p|| lkl|- 

Notice that there is a seminorm on A„ which is trivially independent of the choice of the set of 
generators, namely 

||<?||s := |<?fi|- (5) 

We have \\q\\B < \(iW for all q E A„(k) and ||^||fi < ||^|| for all q E A'^. 

In the sequel it is understood that the symbol A stands for either (a) A„ with n finite, (b) for A™, 
or (c) for Aoo(k) with 1 < K < 0°. 

3 Hilbert A modules 

Definition 3.1 A pre-Hilbert A module is a Z2-graded right A module E =Eq®Ei equipped with a 
A-valued inner product {■,■): E x E ^ A that is sesquilinear, definite, and whose body is Hermitean 
and positive. In other words: 



1. {x,y\ +3^2) = ix.yi) + {x,y2), and {y\ +y2,x) = (y^x) + {y2,x) for x.yi.yi G E; 

2. {x,ay) =a{x,y) = {a*x,y),forx,y eE,aeC; 

3. {x,y)B = {y,x)l, for x,y G E; 

4. {x,x)b > Ofor xEE and {x,x) = if and only ifx = 0. 

An element x of a pre-Hilbert A module E = Eq®E\ is called even if x G £0 and odd if x G £1, 
respectively. 



Immediate consequences of Definition ^71] are that every pre-Hilbert A module is a complex vector 
space and that every element x of a pre-Hilbert A module E can be uniquely written as a sum of an 
even and an odd element oiE,i.Q.,x = XQ + Xi, where xq G Eq and x\ G £1 . 



Remark 3.2 The rationale behind the positivity requirement 4 in Definition ^.1\ is to interpret the 
body of the inner product (■, •) as physical transition amplitude. 

Remark 3.3 DeWitt /0/ requires the inner product on a super Hilbert space to be sesquilinear with 
respect to Grafimann numbers, i. e., {x, y)q= {x, yq), for all x, y in the super Hilbert space and q G A„. 
We shall see below, however, that the inner product on the super Hilbert space arising in the functional 
Schrodinger representation ofspinor quantum field theory does not satisfy this condition. Accordingly 
we have allowed for a more general notion of pre-Hilbert A module. 

We may now use a norm || ■ || a defined on A to define a norm || ■ ||£ on a pre-Hilbert A module E 
by 

ll-«lll = IK-«.-«)IIa- (6) 

For instance, if A equals A„ or Aoo(k) endowed with the norm | • |k, then the norm on E is given by 

\\x\\1:=\{x,x)\k, (7) 

for X G £■ and 1 < K < 0°. The norm 

||jc||2:= ||(x,jc)|| (8) 

corresponding to the mass norm on A = A„ or A = A^ in Equation is called the mass norm on the 
Hilbert A module E. 

In the sequel it is understood that we consider only norms on a Hilbert A module arising from a 
norm on A as in Equation ^unless explicitly stated otherwise. 

Lemma 3.4 (Cauchy-Schwarz inequality) IfE is a pre-Hilbert A module andx^y G E, then 

|(^,j)bP< {x,x)B{y,y)B- 



Proof: Letpx := {x,x)B,Py := {y,y)B,q-= {x,y)B and A, G M, then 

< {x — yXq* , X — yXq* )b = Px — 2Xqq* + X qPyq* ■ 
Adding iXqq* on both sides and taking norms yield 

2X\q\^ < 2\k\\q\^ < \p^ + X^qpyq\ < \p^\+X\\\y\. (9) 

This is equivalent to 

mq\\Py\-\q\f>{\q\f-\Px\\Py\. 

If \py\ 7^ 0, then setting X:= rK yields the required inequality. Moreover, we find that \px\ = and 
\py\ 7^ implies |^| = (let X=\). From symmetry considerations (or from Equation ^ we also get 
that \py\ =0 and \px\ 7^ implies \q\ = 0. In the case that \px\ = \py\ = we infer from Equation ^ 
by taking X to be positive that \q\ =0. □ 

On any pre-Hilbert A module E there is a body operation, i.e., a linear map B : E ^ Eq.x ^-^ xb 
such that {x'k)B — xb'^b for all ?i G A [@]. First define the soul s{E) and the body b{E) of E by 

s{E) := {jcG£|jc?i = Oforsome?iGA,?i^O}, 

b{E) := E/s{E). 

The body operation B : E ^ Eq'is the canonical surjection from E to b{E). 

If the inner product ofE satisfies {xB.yB) = {^^y)B, then the body of £ endowed with the induced 
inner product is a pre-Hilbert space whose completion is a Hilbert space (by virtue of the Cauchy- 
Schwarz inequality). But even if the inner product does not respect the body operation, we can prove 

Proposition 3.5 Let E be a pre-Hilbert A module. Then there exists a map x -^ [x] from E into a 
dense subspace of a Hilbert space H such that 

{MAy])H = {x,y)B, 

for all x,y E E, where (•,■)// denotes the inner product on H. 

Proof: Let 9(^ := {x E E\{x,x)b = 0}. Let [x] :=x-\-9{,. Then (■,-)b induces a well-defined inner 
product on E /9{, by virtue of Lemma p4| . Therefore E /9{^ with this inner product is a pre-Hilbert 
space. □ 

Definition 3.6 Let E be a pre-Hilbert A module and \\-\\ a norm on E, then E is said to be a Hilbert 
A module ifE is complete with respect to its norm. A Hilbert submodule of a Hilbert module E is a 
closed submodule ofE. 



Definition 3.7 Let E and F be Hilbert A modules. A C-linear map O : E —> E is called an operator on 
E. We denote the set of all bounded operators on E by L (E). An operator T : E ^ E is called unitary 

if{T{x),T (y) ) = {x, y) for all x,y eE. An operator S is called weakly unitary if {S{x) , S{y) )b = {x, y)B 
for all x,y eE. A (Hilbert) module map is a linear map T : E ^ F which respects the module action: 
T{xq) = T {x)q, for X E E,q E A. 

Definition 3.8 A Hilbert A module E is said to satisfy the strong definiteness condition if {x,x)b = 
implies x = Ofor all x E E. 

Every Hilbert A module E satisfying the strong definiteness condition becomes a pre-Hilbert space 
with respect to the norm || ■ ||| := {■,-)b- 

Every Hilbert A module E is endowed with a Z2-grading E =Eq®E\. This induces a Z2-grading 
on L (E): every operator T : E ^ E can be written as sum of an even map Tq : Ej -^ Ej and an odd 
map Ti : Ei —> £',+i(niod2)' i-^- T = To + Ti where Tq and Ti are defined by Tqu := {Tuo)o + {Tui)i and 
Tiu :— (Tuq) 1 + {Tui)o respectively where u = uq + ui. 

Definition 3.9 Let E be a Hilbert A module. An operator T : E —> E is said to be adjointable if there 
exists an operator T* : E -^ E satisfying {x, Ty) = {T*x,y) for all x,y E E. Such an operator T* is 
called an adjoint ofT. We denote the set of all adjointable operators on E by ^{E). An adjointable 
operator T E^{E) is called self-adjoint ifT* = T. 

An operator T : E -^ E is said to be weakly adjointable if there exists an operator T^ : E ^ E 
satisfying {x,Ty)B = {T^x,y)B for all x,y E E. Such an operator T^ is called a weak adjoint ofT. 
We denote the set of all weakly adjointable operators on E by 'iS-^{E). A weakly adjointable operator 
T E ^w{E) is called weakly self-adjoint ifT^ = T. 

Remark 3.10 Obviously, any adjointable operator is also weakly adjointable. Thus, '^{E) C ^w{E). 
We have noticed above in Remark |3.2| that the body of the inner product on a Hilbert A module is 
interpreted as the physical transition amplitude. Accordingly we also expect that the set ^^{E) plays 
a distinguished role and that the operators representing physical observables or physical operations 
will be elements of^w{E). 

The following proposition can be proven in analogy to the corresponding result for Hilbert C*- 
modules, see [[Dl]. 

Lemma 3.11 (a) Let E be a Hilbert A module and T : E ^ E be an adjointable operator. The adjoint 
T* ofT is unique. If both T : E ^ E and S : E ^ E are adjointable operators, then ST is adjointable 
and (ST)* = T*S*. 

(b) Let E be a Hilbert A module satisfying the strong definiteness condition and T„ : E -^ E be a 
weakly adjointable operator. Then the weak adjoint rj of T„ is unique. If both T^ : E -^ E and 
Sw'E ^> E are adjointable operators, then S^Tw is adjointable and (5^7^)^ = T^S\,. 

Proof: (a) Assume that T and T* are adjoints of T, then 

Q= {Tx,y) - {rx,y) = {{T -T*)x,y), 
for all x^y E E. Let y = {T — T*)x. This implies T = T*. A similar argument proves (b). □ 



4 Super Hilbert spaces 



The Definitions ^^ and ^^ are analogous to parallel definitions in the theory of Hilbert C*-modules 
[|T3], 1^] . However, the positivity requirement in the definition of a Hilbert A module is weaker than the 
positivity requirement for Hilbert C*-modules and all results for Hilbert C*-modules depending on 
the positivity of the inner product may in general not be valid for a Hilbert A module. The Cauchy- 
Schwarz inequality in Lemma ^]4| is a first example. As a consequence of the failure of the general 
Cauchy-Schwarz inequality the inner product on a pre-Hilbert A module may in general not be con- 
tinuous in each argument and therefore in general an inner product on a pre-Hilbert A module does 
not extend to an inner product on its completion. In the sequel we shall be mainly interested in inner 
products which are continuous. 

Definition 4.1 We shall call a (pre-) Hilbert A module 9{ a super (pre-) Hilbert space if the inner 
product on 9{ is continuous, i.e., if there exists a constant C > such that \\ {x,y) \\ < C\\x\\ \\y\\. 

Remark 4.2 The completion of a super pre-Hilbert space is a super Hilbert space. 



Remark 4.3 All concrete examples for super Hilbert spaces we shall discuss below will satisfy the 
strong definiteness condition. An example for a situation where a super Hilbert space without the 
strong definiteness condition arises is the Becchi-Rouet-Stora-Tyutin (BEST) formulation of gauge 
theories. The natural choice of the state space arising the BRST formulation of gauge theories is a 
Hilbert A module (as there is always a representation of the Grafimann algebra acting on the state 
space) endowed with an indefinite inner product. The physical states are annihilated by the BRST 
operator Q, i.e., satisfy the condition Q.\\fphys = 0. The inner product induced on the set 'P'phys of all 
physical states can be shown to be positive but not definite. The states in I'phys with probability zero 
are called ghost states and are unobservable. Therefore in the BRST formulation of gauge theories we 
naturally arrive at a physical state space which carries the structure of Hilbert A module or a super 
Hilbert space not satisfying the strong definiteness condition. A good introduction into the BRST 
formalism can be found, e.g., in /0/. 

We have already noticed above that the physical transition amplitudes are given by the body of the 
inner product of a Hilbert A module. This gives rise to the following definition. 

Definition 4.4 Let H be a super Hilbert space. An element x & H is called physical if {x,x)b 7^ 0. 
An element g E 9{ with g^Q and {g,g)B = is called a ghost. 

Example 4.5 Let n be finite. The Grafimann algebra A„ endowed with the mass norm || ■ || becomes 
a super Hilbert space with the inner product (■, ■) given by 



{p,q):=i.[pi<[q]] (10) 



for all p,q E A„, where • denotes the Hodge star operator. The submultiplicativity of the mass norm 
implies \\{p,q)\\ < \\p\\\\q\\for all p,q & Kn. Recalling Equation^ 

we see that 

|2 



(^,^) 



B 



kB\^ + 



2_i \qmi,--,mi,\ ■ 

(OTl,---,mi)eM„ 

Therefore A„ with the inner product ( [7^ j satisfies the strong definiteness condition. 

More general super Hilbert spaces can be constructed by building the tensor product An® S^ 
of A„ with a complex Hilbert space S). The inner product of An® S) is given on simple tensors 
by (/> ® cp, ^ ® \[^) = (/>, q) (cp, \\f), for p,q E An and (p,\\f E Sj, and extended to arbitrary elements of 
An®f)by linearity and continuity. We omit the details of the construction as a more general example 
will be given below in Example I 



Example 4.6 Consider a measure space {X^Q.), where X is a set and Q. a o-algebra of subsets ofX, 
endowed with a o-finite measure p. Every function / : X ^ A„ can be expanded as 

{mi,---,mt.)eM„ 

with complex-valued functions fs'X^C and fmi,---,mk '-X —* <C We restrict ourselves here to the 
case that n is finite. Now consider the set E of all functions / : X -^ A„ such that fg and all fm\,---.mi 
are square integrable with respect to jn. This requirement is independent of the basis chosen. We 
define a An-valued inner product on E by 

(11) 



{f.g)=j f{xrgix)diJix), 

for all f^gEE. If An is furnished with the Rogers norm | ■ 1 1, then define 



E dj\fn„-,mX^)?d^{x). (12) 

(rai,--,ra;.)eM;) 

where we introduced the notation M^ := {(mi, ■ ■ ■ ^m]^) 1 < fc < n,m/ G N, 1 < mi < ■ ■ ■ < m^^ < n} 
andf{D:=fB. Further let li^ := {/ G £ 1 1|/|| =0}. It is easy to see that Equation^2\defines a norm on 
E/9\C and that E /^i equipped with the norm ( [72| ) becomes a super Hilbert space. Indeed, let f,g G E, 
then 



|{/,«>h 



I 

(mi,---,mr)eMO 



r /. 

2m'(-l)'^"'^ / /o(mi),-,oK).?oK+i),-,oK)^'" 



k=0 O 
r 



— £^ L^ L^ l/o(mi),---,C)(m;(;)l |,?a(OT^+i),---,a(OT,-)l"/^ 
(mi,---,«v)eMO^=0 a -' 

- 1^ 1^1^ \f(y{mi),--,a{mk)\ " A* / \8a{mk+i),--,o 
< 



-dju 



where the sum X!a in the first three lines runs over all permutations O of (mi, • ■ ■ ,m^) such that 
(o(mi),--- ,o(m^)) eM^„and{(5{mk+i),--- ,(5{mr))eM% If we replace (^ by {f,g)=J-k[f{x)]g{x)diu{x), 
a similar argument holds. 

Example 4.7 For n infinite we also can make A™ a super Hilbert space by defining an appropriate 
inner product. For simplicity we assume that the set of all generators is countable {^/j/eN- The 
generalization of the following to the situation where the set of generators is uncountable is obvious. 
First of all we observe that the inner product ( |7^ is not well-defined as the Hodge star operator is not 
defined on A™. This difficulty can be overcome by suitably imbedding AJ^ into the direct sum A™ ©A™ 
of two copies of AJ^. The basic idea is to introduce the formal infinite product of all generators 
^oo = n,- ^i- We do not make any attempt to give a precise meaning to this infinite product ofGrafimann 
numbers and just introduce ^co as an auxiliary object which has certain properties we would expect 
from the product of all generators of the Grafimann algebra. Namely, we require that ql^^o = qs^oofor 
all q G A'^. Analogously we define cofinite products of the generators of the Grafimann algebra, i.e., 
infinite products obtained from ^oo by removing at most finitely many terms in the product. E.g., the 
infinite product Yli^i ^i of all generators except b,i is denoted by |i = gl-^oo. We require 

d d d d 



and ^i^i = ^cx, and ^/gr- = ~gr"^!5 far cill i 7^ j. Moreover we require h,oo to be even. Therefore the 

algebra • [A™] generated by the ^ and 1 is isomorphic to AJ^. 

Now we are able to define the action of the Hodge star operator on A™ by setting 

-k[q]=q*Bl,^+ £ ^mu-,mk^ ^—^^^ (13) 

for all q G A™. Moreover, we require *[*[<?]] = <?, for all q. The algebra generated by the ^ z* 
isomorphic to A™ with the isomorphism given by the Hodge star operator (|7?|j. 

The inner product {p,q) = -klp-k [q]],for all p,q E A™ is now well-defined. Notice that although 
-klq] ^ A™ /or all q G AJ^, the inner product satisfies {p,q) G A™ if p,q E AJ^. Since, by virtue of the 
properties of the mass norm, we also have \\{p,q)\\ < ||p|| ||^|| for all p,q E A™ and since 

{mi,---,mr)<EM„ 

we see that A™ with the inner product ( [70| j is a super Hilbert space satisfying the strong definiteness 
condition. 

Example 4.8 -k [A^] can be made a super Hilbert space (over AP^) by setting 

{p^q)=-k[p]q, 

for all p,q E *[A™] (when we identify ^,^0 formally with 1 G C). Obviously • [A™] satisfies the strong 
definiteness condition. 



Example 4.9 We are now going to construct the tensor product of two super Hilbert spaces 9{\ and 
!H2. We denote the inner products on ^i and ^2 by (■, ■)! and (■, ■)2 respectively, and the norms on 
:Hi and ^2 <^re denoted by \\-\\i and \\-\\2 respectively. 

The algebraic tensor product J-[i ®aig ^2 of 0-[i and ^2 is defined as usual as the set of all finite 
sums of the form Y.iPi®<3i with pi G i^i and qi G i^2- We define a function jj on J-ti ®aig ^2 by 



nit) ■=mI J^b/llilk/lb 



£p.®?/^ (14) 



IJ is a cross norm on 9-[i ®alg ^2 cmd the completion of iHi ^alg ^2 with respect to p is a Banach 



algebra which we denote by J-Ci ®^ 0<2 (for a proof see, e.g.. Proposition T.3.6 in /|l3l/j. The inner 
products on H\ and !H2 induce an inner product on 9-[i ®aig ^2 given by 



{a,b) = Y^{putj)i®{qi,Sj)2 



hj 



if<^ = Li Pi ® 1i <^f^d b = Y.J tj ® Sj. As 



n{{a,b)) = inf<^ J^||c/||i||J/||2 



{a,b) = Y^ci®di 



I 



< restr.inf J^ || {pi,tj)i\\ 1 1| {qi,Sj)2\\2 

< restr. inf J^ \\pi\\ 1 H^/ibHoil 1 W^jh 



i,J 



= restr.inf f J|^||j9,-||i||<5r,-||2 I I J^ll^llilkjlb ] 



where the infimum in the first line runs over all possible decompositions of (a, b) as sums over elemen- 
tary tensors, whereas the 'restricted infima ' in the following three lines run over all decompositions 
of a and b into sums of elementary tensors. Consequently the inner product /u on ^i ®alg^2 is con- 
tinuous and can be extended to the completion ^i (g)^ :^2 of J-[\ ®aig ^2- We denote this extension also 
by p. Therefore 0-C\ (g)^ 0-C2 is a super Hilbert space when endowed with the norm p. 

When both ^i and ^2 satisfy the strong definiteness condition, both ^i and ^2 cire pre-Hilbert 
spaces with respect to the body of their inner products. Therefore also the body fJB offj is a complex- 
valued scalar product on ^i ®alg ^2 cind, by virtue of the Cauchy-Schwarz inequality, iub can be 
extended to a complex-valued scalar product Jis on ^i ®^ ^^2- Pb obviously coincides with the body 
of the extension of p to ^i Cg>^ ^2- Therefore we conclude that J-[i ®^ 'H2 is a super Hilbert space 
satisfying the strong definiteness condition. 

In Section 6 we shall be interested in the case J-[\ = AJ^ and i//2 = * [A™]. The norm Hm arising 
from the mass norms on AJ^ and -k [A™] via Equation ^ is called the mass norm on A^ ®^^^^ • [A^]. 
It follows from our discussion above that A™ ^^^^ • [A^] is a super Hilbert space satisfying the strong 
definiteness condition. We shall see in Section 6 that in the functional Schrodinger representation of 
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spinor quantum field theory the super Hilbert space A"^ ®^„, • [A'^] arises naturally as the quantum 
theoretical state space. 



Proposition 4.10 Let 9{ be a super Hilbert space and T : ^ ^ 9{ be an adjointable operator. Then 
T and T* are bounded with respect to the operator norm 

||r|| :=sup{||rjc|||||x|| < 1}. (15) 

If Equation^ holds, then \\T\\ = \\T*\\. 

Proof: Let xx,x,y E iH' , such that xx^ x and Txx — > y. The inner product of a super Hilbert space is 
separately continuous in each variable. Thus 

0= {T*e,xx)-{T*e,xx) = {eJxx)-{T*e,xx) -> {e,y) - {T*e,x) = {e,y-Tx), 

for all e G ^ . Putting e = y — Tx implies y = Tx. The boundedness of T and T* follows now from the 
closed graph theorem. As \\Txf = \\{T*Tx,x)\\ < \\T*Tx\\\\x\\ < ||r*||||r|| ||xf , we find ||r|| < ||r*||. 
But then also II r* II < ||r**|| = ||r||. D 

A similar argument proves 

Proposition 4.11 Let ^ be a super Hilbert space satisfying the strong definiteness condition and 
T : J-[ —^ 0-C be a weakly adjointable operator. Then T and T^ are bounded with respect to the 
operator norm in Equation ^ and with respect to the norm 

\\T\\„:=m^{\{TxJx)B\^'^\\\x\\ < 1} (16) 

and \\T\\w = WT'^Ww 



Proof: The boundedness of T and T* with respect to the norm in Equation [T5| follows as in the proof 



of Proposition |4-.10| . The boundedness with respect to || ■ ||^t, follows from ||^||g < ||^|| for all ^ G A. □ 



Proposition 4.12 Let ^ be a super Hilbert space. When equipped with the operator norm ( |73l J 
05 (i?/') is an involutive Banach algebra with continuous involution. 

Proof: It is easy to see that ( [T5| ) defines a norm on !B (:?/). The operator norm is clearly submul- 
tiplicative. It remains to show that ^{fH') is norm complete. If {Tn)neN is a Cauchy sequence of 
adjointable operators, then (r„Jc)„£N ^^id {T*x)n^^ are Cauchy sequences in ^ for every x E J-C . We 
call the limits Tx and Tx respectively. Since (y, Tx) — lim(j, Tnx) = lim{T*y,x) = {Ty,x), we see that 
T is adjointable and T* = T. This shows that ^(:?/ ) is norm complete. From || r„ — T || = || r„* — T* \\ 
it is easy to see that the involution is continuous. □ 



11 



5 Physical observables 

Definition 5.1 Let E be a Hilbert A module and T G ^w{E). Then we say that a Grafimann number X 
is a spectral value for T when T — XI does not have a two-sided inverse in 25h,(£'). The set of spectral 
values for T is called the spectrum ofT and is denoted by sp(r). The subset %^i^{T) := sp(r) fl C is 
called the complex spectrum ofT. 

It is well-known that a GraBmann number qE A^n finite, has an inverse if and only if its body qs 
is nonvanishing [jl]]. Therefore the following proposition that the spectrum of a bounded module map 
T on a Hilbert A„ module, n finite, is fully determined by the complex spectrum of T is not surprising. 

Proposition 5.2 Let E be a Hilbert A„ module, n finite, and T G ^^{E) be a Hilbert module map. 
Then X G sp(r) if and only ifXg G %^^{T). 

Proof: Let X ^ sp(r). Then T — XI has a two-sided inverse in Q3w(£'), denoted by T^^ . Evidently 
T.^ is a module map. Now let 5 be a GraBmann number with vanishing body. Then T^^ j^ : = 

{p=o{-T^'sY) r^-i is a left inverse for T - {X-s)I and T^\^ := T^' {iZ^q{-sT^'y) is aright 

inverse for T — {X — s)I. Both sums are actually finite. This follows from the bodylessness of s and 
from the fact that T^^ is decomposable into an even and an odd part: T^ = T^^ + T^^ . Therefore the 

left and right inverse exist for all s E An with sb = 0. As T^^^, ^{T — {X — s)I) T^}^ ^ = T^^^, ^ = T.^^^ ^ 
the left and right inverse coincide. This proves that X ^ sp(r) implies X — s ^ sp(r) for all s E An 
with Sb = 0. □ 



Example 5.3 Consider An endowed with the inner product ([7^. Let ^i,--- ,^„ denote the set of 
generators of An- Consider the module map ^i : A„ — > A„,^iq := b,iq. Obviously is the only 
complex spectral value of^i and, as ^i — si does not have an inverse for all body less s G A„, all 
Grafimann numbers with vanishing body are spectral values for ^i. The element ^i ■ • • ^„ G A„ is an 
"Eigenstate" for ^i for any bodyless spectral value: ^i^i ■ ■ -^n = ■^'^i ■ --^n — 0, for all s G A„ with 

SB = 0. 

Definition 5.4 Let ^ be a super Hilbert space. A physical observable on iH is a weakly self-adjoint 
operator : ^ ^ ^ . 

Proposition 5.5 Let iH be a super Hilbert space and let H be the Hilbert space from Proposition ^.5\ 
Then there exists a * homomorphism(^from^^{^)\~\L{^) (equipped with the norm || ■ W^) into the 
C* -algebra 23(//) of bounded operators on H. 

Proof: Let fA^ := {x E J-C \{x,x)b = 0} and let T G '^w{^)- For n E 9{_ we have by virtue of Lemma 
0: \{Tn,Tn)B\^< {T^TnJ^Tn)B{n,n)B = Q. Thus r(;A^) C fA^. This shows that every T G 23w(i?^) 
induces a bounded linear operator on9{ /9{^ which we denote by(|)(r)via{|)(r)(x-|-fA/^) :=T{x)-\-9i. 
The operator ^{T) can be uniquely extended to a bounded linear operator cp(r) on H (compare, 
e.g.. Theorem 1.5.7 in [^). Obviously, the correspondence cp is linear, multiplicative and satisfies 
(p(r^) = cp(r)* and (p(/) = I\u, i.e., cp is a * homomorphism. □ 
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Proposition 5.6 Let 9{ be a super Hilbert space satisfying the strong definiteness condition. Then the 
* homomorphism (pfrom Proposition [5.5| is an isometric isomorphism from ^w{^ ) to the C* -algebra 
*B(//). Hence ^^i^) is a C*-algebra with norm \\T\\w := sup{\{Tx,Tx)b\^^^\\\x\\ < 1}. 

Proof: This follows, e.g., from Theorem 1.5.7 in [Bp. □ 



Remark 5.7 Proposition £^ and Example [5.3| show that in general it is meaningless to attribute 
physical relevance to the soul of a spectral value of a physical observable. Instead it becomes clear 
that in general only the elements of the complex spectrum of a physical observable may admit an 
interpretation as possible physical values of the observable. This is in accordance with and further 
substantiated by the fact that Grafimann numbers cannot be measured. Above we have argued that 
the physical transition amplitudes on a super Hilbert space are given by the body of the inner product. 
Therefore it seems reasonable to define the physical spectrum of an operator T on a super Hilbert 
space J-[ as, loosely speaking, the subset of sp,^{T) corresponding to physical elements of 9{ , i.e.. 



Definition 5.8 The physical spectrum of a bounded physical observable on a super Hilbert space 
"H , denoted by sp„;,(C'), is the set ofk G C such that cp(0 — W) has no two-sided inverse in ^{H). 

Proposition 5.9 Let O bea bounded physical observable on a super Hilbert space ^ . Then sp^;, ( O ) = 
sp(cp(o)) C sp(j^(o). If !}{ satisfies the strong definiteness condition, then sp ;^(o) = sp(i-(C'). 

Proof: Let ?i ^ sp(^(o), X G C. Then O — X/has a two-sided inverse in *Bvy(i^) and as cpis an algebra- 
homomorphism, also cp(o) — XI has a two-sided inverse in ^(//). This implies X ^ sp((p(o)). The 
other direction follows analogously if cp is an isomorphism. □ 

Corollary 5.10 The physical spectrum of a bounded physical observable on a super Hilbert space is 
a compact subset ofM. 

If i?/ is a super Hilbert space, T E l{o-C), then we say that an element X G sp(r) is a right Eigenvalue 
for T if there is an x G i?/ such that T{x) = xX. x is called an Eigenvector corresponding to X. Notice 
that an Eigenvector might correspond to more than one Eigenvalue, see Example ^3[ 



Corollary 5.11 Let be a bounded physical observable O on a super Hilbert space. Let X,X' G 
spp/,(o) be physical spectral values ofO with X^X' and let x,x' be Eigenvectors corresponding to X 
andX' respectively. Then {x,x')b = 0. 

Remark 5.12 It is instructive to compare our definition of a physical observable with the definition 
given by DeWitt in ^. According to DeWitt's definition an element of a super Hilbert space is called 
physical if it has nonvanishing body. A physical observable is then defined as a self-adjoint module 
map on the super Hilbert space such that 

• all Eigenvalues are even Grafimann numbers; 
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• for every Eigenvalue there is a physical Eigenstate; 

• the set of physical Eigenvectors that correspond to soulless Eigenvalues contains a complete 
basis (for a definition of this notion see /0/j. 

Our argument above shows that DeWitt's additional assumptions are unnecessary to assure real- 
valuedness of physical spectral values and weak orthogonality of Eigenvectors of physical observ- 
ables. Moreover, Proposition ^^ shows that for super Hilbert spaces over finitely generated Grafi- 
mann algebras there are no physical observables in DeWitt's sense, as there will always be Eigen- 
values which are not even. For super Hilbert spaces over an infinitely generated Grajimann algebra 
it is also easy to see that in general DeWitt's conditions cannot be satisfied. For let T be a physical 
observable in DeWitt's sense with Eigenvalue X, and let x denote a physical Eigenstate for X. Then 
X + ^i is an Eigenvalue ofT with Eigenstate x^i 7^ 0. The Eigenvalue X + ^i is neither an even Grafi- 
mann number nor it is guaranteed that there is a physical Eigenstate for this Eigenvalue. This is a 
contradiction. Therefore we conclude that in general there are no physical observables in DeWitt's 
sense on a super Hilbert space. 

6 The Schrodinger representation of spinor quantum field the- 
ory 

In the Schrodinger representation of quantum field theory the commutation relations of the field op- 
erators are realized by representing the field operators by functionals and representing the conjugate 
momenta by functional derivatives [Q] . This formulation of quantum field theory is equivalent to the 
standard operator formulation and to the functional-integral representation of quantum field theory. 
In the Schrodinger representation of spinor quantum field theory super Hilbert spaces naturally arise 
as the quantum mechanical state space. The material presented in this section is taken from Hatfield 

[i- 

The Hamiltonian for free spinor field theory is given by 

H = [d^x'i'\x){-ia-V + ^m)'¥{x), 

d^x^{x){-i'^dk + m)'¥{x) 



where the matrices a, and P satisfy (3^ = 1 , {a,, a^} = 25,j, {a,-, (3} = and the y are related by 7° = (3 
and a,- = 'fji. 

The canonical anticommutation relations of the fields are given by 

{^cx(x,0,^J(j,0} = 5„p53(f-3;) 

The time evolution is given by the functional Schrodinger equation 
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In the "coordinate" Schrodinger representation the state space at time t is spanned by the Eigen- 
functions |^) of the field operator ^{x). The corresponding Eigenvalues \|/(x) are spinors of GraB- 
mann number- valued functions. The conjugate momentum operator m'^ix) is represented as a func- 
tional derivative 



/t 



^p(^) 



5\^p(x) 



It is well-known that the Eigenfunctions and the functional derivative can be rewritten as a plane wave 
expansion in terms the creation and annihilation operators 



where 



5 



2 

E 

2 

E 



dp jm 
(Pp fm 



'h{py^{p)e-^P^^ + 4{pyMe'^'^' 



^(u[,)Hp)e'P'+ -47Z:i^a)Hp)e-''' 



bbiip) 



Hip) 



u\p) 



i? + m 



^j2m{m-\-E) 



I ^'1 \ 

5,2 


V / 



Ap) 



-/p + m 



^j2m{m-\-E) 



( \ 


5,1 

V s,2 / 



(17) 



The operators b{p),-^j^,d\p) and g ,. ^. act on the state space and obviously satisfy the equal time 
anticommutation relations 



bm, 



hd]{p) 



dbj{k) 

,d]Ck) 






with all other anticommutators vanishing. Accordingly, the -^ and the -^ are interpreted as creation 

operator of field quanta with positive or negative energy respectively whereas the hi and the dj are 
interpreted as the corresponding annihilation operators. 

At this stage the important observation for our purposes is that the state space can be naturally 

identified as the tensor product super Hilbert space A'^ = A^ ^ (8)^ * A™ ^ where the uncountable 

set of generators of the first factor (A^ ^) is identified with {dJ (p) } and the set of generators of A™ ^ 
is identified with {bi{p)}, see Example P~9| . As all generators of A™^ commute with all generators 

of A™ ^, we omit the tensor symbol in our notation. A factor bi{p) (or dj{p)) in an element x G AJ^ 

corresponds to the situation that the field quantum annihilated by bi{p) (or d^ (p)) is absent. For 
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example, the vacuum state, where all negative energy states are filled and all positive energy states 
are empty, is represented by 

io)=nn^K/5)=w 

i=l p 

and the state with one positron of momentum pp with spin up is given by 

\Pp,]) = 4ipp)iiiib,{p). 
1=1 p 

Physical transition amplitudes are computed by performing a functional integration over all GraBmann 
degrees of freedom, see [Q| . Mathematically this is equivalent to taking the body of the inner product 
( p^ as the physical transition amplitude, compare Proposition |33|. It is now obvious that - when 



identifying the Hilbert space H in Proposition ^3| with the state space in the operator (Heisenberg) 
representation of spinor quantum field theory - these physical transition amplitudes in the Schrodinger 
representation coincide with the physical transition amphtudes in the operator representation. 

7 Previous definitions revisited 
7.1 DeWitt super Hilbert spaces 

Super Hilbert spaces were first considered by DeWitt in his book [|T]]. The basic features of DeWitt's 
definition may be summarized as follows: DeWitt defines a super Hilbert space 9{ basically as a Z2- 
graded A„ module, where n is possibly infinite, with a A„-valued inner product {■,■): ^ x ^ ^ A„ 
subject to the following conditions 

1. {x,yi+y2) = {x,yi) + {x,y2),for x,yuy2 e^\ 

2. {x,ay) =a{x,y) = {a*x,y),{orx,y G iW,aG C; 

3. {x,yq) = {x,y)q for allx,}; E ^ ,q & A„. 

4. {x,y) = {y,x)*Jorx,ye:}{; 

5. {x,x)b >0fovxE0<;xE9{ has nonvanishing body if and only if {x,x)b > 0; 

6. {xs,yr)qt = (- 1 )'('+'')<?? (jc,-,yr) for all pure x,, E ^s,yr e ^r and q e A„, deg{qt) = t. 

DeWitt moreover requires that the body of 9{ is an ordinary complex Hilbert space. The central 
difference between our definition and DeWitt's is the requirement of sesqui-A-linearity of the inner 
product. It is easy to see that sesqui-A-linearity implies (xg,jB) = {x,y)B for all x,y E J-C . DeWitt 
concentrated on algebraic properties of super Hilbert spaces and did not consider the topological or 
metric structure of A„ or J-[ . 
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Nagamachi and Kobayashi formalized and refined DeWitt's definition by taking also into account 
the topological and norm structure on super Hilbert spaces [^. It becomes clear from their work that 
the requirement of sesqui-A-linearity in some sense trivializes the theory, as it is possible to show 
along their lines that, when A„ is equipped with the Rogers norm, every super Hilbert space is of the 
form 9{ = H i^A„ where H is an ordinary complex Hilbert space. 

7.2 El Gradechi and Nieto's super Hilbert space 

El Gradechi and Nieto studied in [0] a super extension of the Kirillov-Kostant-Souriau geometric 
quantization method. They defined a super Hilbert space to be a direct sum i?/ = Hq®H\ of two 
complex Hilbert spaces {H\, (-, •)o) and {H2, (•, ■)!) equipped with the super Hermitean form ((-, ■)) = 

(•,-)o + «(v)i- 

At first sight this definition looks rather different from the approach given in this paper. However, 
El Gradechi's and Nieto's definition is actually abstracted from the concrete example arising in their 
study of super unitary irreducible representations of OSp(2/2) in super Hilbert spaces of I? super- 
holomorphic sections of prequantum bundles of the Kostant type. It is beyond the scope of this paper 
to review the construction in [^ in detail. For our purposes it is enough to know that the super Hilbert 
space Lp constructed in [@] is a Z2-graded A4 module and that its elements are sections of the form 
\|/(z,z, 6,6, X,%), where z G C denotes a complex variable with \z\ < 1 and 6,6,%,% denote a complex- 
ified set of generators of A4. Notice that the definition for complex conjugation in A4 adopted in [^ 
differs from our definition: 'pq = pq for all p,q & A4. The even super Hermitean form on Lp ' is 



defined for \|/ = \|/o + V|/i and \|/' = v/o + ¥1 by (see Equation 5.8 and 5. 10 in 

((\|/,\|/)) = / {m/ ,y]f)hdzdzdMMxdx, 
where h is an integrating constant factor for the super Liouville measure constructed in [^ and where 

It is now crucial to realize that it is possible to construct an A4-valued inner product (-, ■) on Lp in 
the sense of Definition ^TT] by replacing (\|/', \|/) by 

(where * denotes the complex conjugation operation introduced in Section 2) and by setting 

(V,\|/)=/'(V,\|/)~MzrfI. (18) 

This is an inner product of the form Equation [TT] and therefore the physical super Hilbert space 
can be identified with the super Hilbert space discussed in Example ^^. Notice that what is called a 
super unitary operator with respect to the super Hermitean product in [0] would be called a weakly 



unitary operator with respect to the inner product ([18]) in our terminology. El Gradechi and Nieto 
correctly note that the examples for super Hilbert spaces considered by them are not covered by the 
definitions of DeWitt, and of Nagamachi and Kobayashi. 
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7.3 Other definitions 

There are some other notions of super Hilbert space in the literature which we briefly mention here. 
Khrennikov [§] defines a super Hilbert space to be a Banach (commutative) A module which is iso- 
morphic to the space £2 (A) of square-summable sequences in A with the inner product {x, y) := Lx„3^* 
and norm ||x|p := {x,x). 

Schmitt proposed a different notion of super Hilbert space in [|T^. According to his definition a 
super Hilbert space is just a complex Z2-graded ordinary Hilbert space (consequently the inner prod- 
uct is always complex- valued). It is beyond the scope of the present work to discuss this definition in 
detail and the reader is referred to [jT2|] and references therein. We only remark that Schmitt's defini- 
tion of super Hilbert space is general enough to cover even the functional Schrodinger representation 
of spinor quantum field theory and contact to our approach can be made for instance by identifying 



his "super Hilbert space" with the Hilbert space of Proposition p3. 



7.4 Discussion 

The definitions of the notion of super Hilbert space put forward by DeWitt [|l]], Nagamachi and 
Kobayashi [^ and Khrennikov [^ are all special cases of our more general definition. From a math- 
ematical point of view they are viable generalizations of ordinary Hilbert space theory, and indeed, 
unlike the definition of super Hilbert space introduced in this paper, the definitions by Nagamachi, 
Kobayashi and Khrennikov are actually designed such that analogies or extensions of most basic 
structural results of ordinary Hilbert space theory remain valid in the super case. However, these def- 
initions suffer from the problem that they are too narrow to cover the physically important example 
of the state space arising in the functional Schrodinger representation of spinor quantum field theory 
discussed in Section 6. As repeatedly stated above, in physical applications of super Hilbert spaces 
the physical transition amplitudes have to be identified with the body of the inner product (this is in 
accordance with DeWitt's remark that "real physics is restricted to the ordinary Hilbert space that 
sits inside the super Hilbert space"). However, in the theories by DeWitt, Nagamachi, Kobayashi 
and Khrennikov the inner product respects the body operation {xb^Jb) = {^^y)B- In the functional 
Schrodinger representation of spinor quantum field theory the physical state space is identified with 
the tensor product of two isomorphic copies of the underlying GraBmann algebra: the presence of, 
e.g., a GraBmann number dj{p) indicates the presence of the corresponding positron field quantum. 
Therefore the body of a DeWitt-type inner product gives essentially only the contribution of the 
vacuum-to-vacuum transition amplitude to the full physical transition amplitude. To obtain the full 
physical transition amplitude we need to introduce the more general inner product on the state space, 
given by Equation |10|, which is not sesqui-A-linear and for which in general {xb.Jb) 7^ {^■,y)B- The 
super Hilbert spaces arising in the work of El Gradechi and Nieto [^ and of Samsonov [ |TT1 ] provide 
further examples for super Hilbert spaces which are not super Hilbert spaces in the sense of DeWitt, 
Nagamachi and Kobayashi, or Khrennikov but which are super Hilbert spaces in the sense of Defi- 
nition ^]T]. Therefore we conclude that the introduction of the more general notion of super Hilbert 
space put forward in this paper is physically justified. 



18 



Acknowledgements 

This research was performed while the author was a Marie Curie Research Fellow in the Theoretical 
Physics Group at Imperial College, London, UK, under the Training and Mobility of Researchers 
(TMR) programme of the European Commission. 

References 

[1] DeWitt, B.: Supermanifolds, 2nd Edition. Cambridge: Cambridge University Press, 1992 

[2] El Gradechi, A.M., Nieto, L.M.: Supercoherent States, Super Kahler Geometry and Geometric 
Quantization. Commun. Math. Phys. 175, 521-564 (1996) 

[3] Federer, H.: Geometric Measure Theory. Berlin: Springer, 1969 

[4] Hatfield, B.: Quantum Field Theory of Point Particles and Strings. Redwood City: Addison- 
Wesley, 1992 

[5] Kadison, R.V., Ringrose, J.R.: Fundamentals of the Theory of Operator Algebras I. Orlando: 
Academic, 1983 

[6] Khrennikov, A.Yu.: The Hilbert super space. Sov. Phys. Dokl. 36, 759-760 (1991) 

[7] Kugo, T.: Eichtheorie. Berlin: Springer, 1997 

[8] Lance, E.C.: Hilbert C*-modules, London Mathematical Society Lecture Notes Series 210. 
Cambridge: Cambridge University Press, 1995 

[9] Nagamachi, S., Kobayashi, Y: Hilbert superspace. J. Math. Phys. 33, 4274-4282 (1992) 

[10] Rogers, A.: A global theory of supermanifolds. J. Math. Phys. 21, 1352-1365 (1980) 

[11] Samsonov, B.F.: Supersymmetry and supercoherent states of a nonrelativistic free particle. 
J. Math. Phys. 38, 4492-4503 (1997) 

[12] Schmitt, T.: Supergeometry and hermitean conjugation. J. Geom. Phys. 7, 141-169 (1990) 

[13] Wegge-Olsen, N.E.: K-Theory and C* -algebras. Oxford: Oxford University Press, 1993 

[14] Whitney, H.: Geometric Integration Theory. Princeton, New Jersey: Princeton University Press, 
1957 



19 



